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Abstrat
Let Km−H be the graph obtained from Km by removing the edges set
E(H) of H where H is a subgraph of Km. In this paper, we haraterize
the potentially K5 −P4 and K5 −Y4-graphi sequenes where Y4 is a tree
on 5 verties and 3 leaves.
1 Introdution
We onsider nite simple graphs. Any undened notation follows that of Bondy
and Murty [1]. An n-term non-inreasing nonnegative integer sequene π =
(d1, d2, · · · , dn) is said to be graphi if it is the degree sequene of a simple
graph G of order n; suh a graph G is referred as a realization of π. Let σ(π)
the sum of all the terms of π, and let [x] be the largest integer less than or
equal to x. Let Y4 denote a tree on 5 verties and 3 leaves. A graphi sequene
π is said to be potentially H-graphi if it has a realization G ontaining H as
a subgraph. Let G − H denote the graph obtained from G by removing the
edges set E(H) where H is a subgraph of G. In the degree sequene, rt means
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r repeats t times, that is, in the realization of the sequene there are t verties
of degree r.
In 1907, Mantel rst proposed the problem of determining the maximum
number of edges in a graph without ontaining 3-yles. In general, this problem
an be phased as determining the maximum number of edges, denoted ex(n,H),
of a graph with n verties not ontaining H as a subgraph. This area of researh
is alled extremal graph theory. In terms of graphi sequenes, the number
2ex(n,H) + 2 is the minimum even integer l suh that every n-term graphial
sequene π with σ(π) ≥ l is foribly H-graphial. In 1991, Erdös, Jaobson
and Lehel [2] showed σ(Kk, n) ≥ (k − 2)(2n− k + 1) + 2 and onjetured that
the equality holds. In the same paper, they proved the onjeture is true for
the ase k = 3 and n ≥ 6. The ases k = 4 and 5 were proved separately in
[3], [11] and [12]. Based on linear algebrai tehniques, Li, Song and Luo [13]
proved the onjeture true for k ≥ 6 and n ≥
(
k
2
)
+ 3. Reently, Ferrara, Gould
and Shmitt proved the onjeture [4] and they also determined in [5] σ(Fk, n)
where Fk denotes the graph of k triangles interseting at exatly one ommon
vertex.
In 1999, Gould, Jaobson and Lehel [3] onsidered the following generalized
problem: determine the smallest even integer σ(H,n) suh that every n-term
positive graphi sequene π = (d1, d2, · · · , dn) with σ(π) ≥ σ(H,n) has a realiza-
tion G ontaining H as a subgraph. They proved σ(pK2, n) = (p−1)(2n−p)+2
for p ≥ 2 and σ(C4, n) = 2[
3n−1
2
] for n ≥ 4. Lai [8] determined σ(K4 − e, n)
for n ≥ 4 . Yin, Li, and Mao [19] determined σ(Kr+1 − e, n) for r ≥ 3 and
r + 1 ≤ n ≤ 2r and σ(K5 − e, n) for n ≥ 5, and Yin and Li [18] further de-
termined σ(Kr+1 − e, n) for r ≥ 2 and n ≥ 3r
2 − r − 1. Moreover, Yin and
Li in [18] also gave two suient onditions for a sequene πǫGSn to be poten-
tially (Kr+1 − e)-graphi. Yin [21] determined σ(Kr+1 −K3, n) for r ≥ 3 and
n ≥ 3r + 5. Lai [9] determined σ(K5 − P3, n) and σ(K5 − P4, n) for n ≥ 5. Lai
and Hu [10] determined σ(Kr+1 −H,n) for n ≥ 4r + 10, r ≥ 3, r + 1 ≥ k ≥ 4
and H be a graph on k verties whih ontaining a tree on 4 verties but not
ontaining a yle on 3 verties and σ(Kr+1 − P2, n) for n ≥ 4r + 8, r ≥ 3.
A harder question is to haraterize the potentially H-graphi sequenes
without zero terms. That is, nding neessary and suient onditions for a
sequene to be a H-graphi sequene. Luo [15] haraterized the potentially Ck-
graphi sequenes for eah k = 3, 4 and 5. Reently, in [16], Luo and Warner also
haraterized the potentiallyK4-graphi sequenes. Eshen and Niu [17] hara-
terized the potentially (K4−e)-graphi sequenes. Hu and Lai [6] haraterized
the potentially (K5 − C4)-graphi sequenes. Yin and Chen [20] haraterized
the potentially Kr,s-graphi sequenes for r = 2, s = 3 and r = 2, s = 4, where
Kr,s is an r × s omplete bipartite graph.
In attempt to ompletely haraterize the potentially K5 −H - graphi se-
quenes, we will haraterize the potentially K5 − P4 and K5 − Y4 - graphi
sequenes in this paper.
Let π = (d1, d2, · · · , dn) be a noninreasing positive integer sequene. We
write m(π) and h(π) to denote the largest positive terms of π and the smallest
positive terms of π, respetively. π′′ = (d1−1, d2−1, · · · , ddn−1, ddn+1, · · · , dn−1)
2
is the residual sequene obtained by laying o dn from π. We denote π
′ =
(d′1, d
′
2, · · · , d
′
n−1) where d
′
1 ≥ d
′
2 ≥ · · · ≥ d
′
n−1 is a rearrangement of the n− 1
terms in π′′. We denote π′ the residual sequene obtained by laying o dn from
π and all the graphi sequenes have no zero terms. We need the following
results.
Theorem 1.1. [3] If π = (d1, d2, · · · , dn) is a graphi sequene with a realization
G ontaining H as a subgraph, then there exists a realization G′ of π ontaining
H as a subgraph so that the verties of H have the largest degrees of π.
Theorem 1.2. [14] If π = (d1, d2, · · · , dn) is a sequene of nonnegative integers
with 1 ≤ m(π) ≤ 2, h(π) = 1 and even σ(π), then π is graphi.
Theorem 1.3. [7] π is graphi if and only if π′ is graphi.
The following orollary is obvious.
Corollary 1.4. Let H be a simple graph. If π′ is potentially H-graphi, then
π is potentially H-graphi.
2 Main Theorems
Theorem 2.1. Let π = (d1, d2, · · · , dn) be a graphi sequene with n ≥ 5. Then
π is potentially (K5 − P4)-graphi if and only if the following onditions hold:
1. d2 ≥ 3.
2. d5 ≥ 2.
3. π 6= (n− 1, k, 2t, 1n−2−t) where n ≥ 5, k, t = 3, 4, · · · , n− 2, and, k and t
have dierent parities.
4. For n ≥ 5, π 6= (n − k, k + i, 2i, 1n−i−2) where i = 3, 4, · · · , n − 2k and
k = 1, 2, · · · , [n−1
2
]− 1.
5. If n = 6, 7, then π 6= (32, 2n−2).
Proof. First we show the onditions (1)-(5) are neessary onditions for π to
be potentially (K5 − P4)-graphi. Assume that π is potentially (K5 − P4)-
graphi. (1), (2) and (5) are obvious. If π = (n− 1, k, 2t, 1n−2−t) is potentially
(K5 − P4)-graphi, then aording to Theorem 1.1, there exists a realization G
of π ontaining K5 − P4 as a subgraph so that the verties of K5 −P4 have the
largest degrees of π. Therefore, the sequene π∗ = (n − 4, k − 3, 2t−3, 1n−2−t)
obtained from G − (K5 − P4) must be graphi. Sine the edge between two
verties with degree n − 4 and k − 3 has been removed from the realization of
π∗, thus, ∆(G − (K5 − P4)) ≤ n − 5, a ontradition. Hene, (3) holds. If
π = (n− k, k+ i, 2i, 1n−i−2) is potentially (K5−P4)-graphi, then aording to
Theorem 1.1, there exists a realization G of π ontaining K5−P4 as a subgraph
so that the verties of K5 − P4 have the largest degrees of π. Therefore, the
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sequene π∗ = (n− k − 3, k + i− 3, 2i−3, 1n−i−2) obtained from G− (K5 − P4)
must be graphi and there is no edge between two verties with degree n−k−3
and k + i − 3 in the realization of π∗. Let G∗ be a realization of π∗, and,
dG∗(x) = n − k − 3 and dG∗(y) = k + i − 3. Consider a partition of G
∗
where
X = {x, y} and Y = V (G∗) − {x, y}. It follows that the number of edges
between X and Y equals (n− k − 3) + (k + i− 3) ≤ 2(i− 3) + (n− i− 2), that
is, [(n− k − 3) + (k + i− 3)]− [2(i− 3) + (n− i− 2)] = 2 ≤ 0, a ontradition.
Hene, (4) holds.
Now we turn to show the onditions (1)-(5) are suient onditions for π
to be potentially (K5 − P4)-graphi. Suppose the graphi sequene π satises
the onditions (1) to (5). Our proof is by indution on n. We rst prove the
base ase where n = 5. Sine π 6= (42, 23), then π must be one of the following
sequenes: (45), (43, 32), (42, 32, 2), (4, 34), (4, 32, 22), (34, 2), (32, 23). It is easy
to hek that all of these are potentially (K5 − P4)-graphi. Now we assume
that the suieny holds for n − 1 (n ≥ 6). We will prove π is potentially
(K5 − P4)-graphi.
Case 1: π′ = (32, 24)
Clearly, n = 7 and π must be one the following sequenes (42, 25), (4, 32, 24),
(34, 23), (4, 3, 24, 1) or (33, 23, 1). It is easy to hek that all of these are poten-
tially (K5 − P4)-graphi.
Case 2: π′ = (32, 25)
Clearly, n = 8 and π must be one the following sequenes (42, 26), (4, 32, 25),
(34, 24), (4, 3, 25, 1) or (33, 24, 1). It is easy to hek that all of these are poten-
tially (K5 − P4)-graphi.
Case 3: dn ≥ 3
Clearly, π′ satises the assumption, and thus, by the indution hypothesis,
π′ is potentially (K5−P4)-graphi, and hene so is π. In the following, we only
onsider the ases dn = 1 or dn = 2.
Case 4: π′ = (n− 2, k, 2t, 1n−3−t) where n− 1 ≥ 5, k, t = 3, 4, · · · , n− 3, and,
k and t have dierent parities
If dn = 2, then π
′ = (n− 2, k, 2n−3). If k ≥ 4, then π = (n− 1, k + 1, 2n−2)
whih ontradits ondition (3). If k = 3, that is π′ = (n − 2, 3, 2n−3), then
π = (n−1, 4, 2n−2) or π = (n−1, 32, 2n−3). But π = (n−1, 4, 2n−2) ontradits
ondition (3), thus π = (n − 1, 32, 2n−3) where n is odd. We will show π =
(n− 1, 32, 2n−3) is potentially (K5−P4)-graphi. In other words, we would like
to show π1 = (n− 4, 2
n−5, 1) is graphi. It sues to show π2 = (1
n−5) where
n ≥ 7 is graphi. By σ(π2) being even and Theorem 1.2, π2 is graphi. Thus,
π = (n− 1, 32, 2n−3) is potentially (K5 − P4)-graphi.
If dn = 1, then π = (n− 1, k, 2
t, 1n−2−t) whih ontradits ondition (3).
Case 5: π′ = (n − 1 − k, k + i, 2i, 1n−i−3) where i = 3, 4, · · · , n − 1 − 2k and
k = 1, 2, · · · , [n
2
]− 2.
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If dn = 2, then n− i−3 = 0 and π = (n−k, k+ i+1, 2
i+1) and it ontradits
ondition (4).
If dn = 1 and n − 1 − k = k + i + 1, then π = (n − k, k + i, 2
i, 1n−i−2) or
π = ((n − 1 − k)2, 2i, 1n−i−2), both of these are ontradit to ondition (4). If
dn = 1 and n−1−k = k+i or n−1−k ≥ k+i+2, then π = (n−k, k+i, 2
i, 1n−i−2)
whih also ontradits ondition (4).
Case 6: dn = 2, π
′ 6= (n − 2, k, 2n−3), π′ 6= (n − 1 − k, n + k − 3, 2n−3),
π′ 6= (32, 24), and π′ 6= (32, 25)
Consider π′ = (d′1, d
′
2, · · · , d
′
n−1). Sine d2 ≥ 3, we have d
′
n−1 ≥ 2. If d
′
2 ≥ 3,
then π′ satises the assumption. Thus, π′ is potentially (K5 − P4)-graphi.
Hene, we may assume d′2 = 2, that is, d2 = 3 and d3 = d4 = · · · = dn = 2. It
follows π = (d1, 3, 2
n−2). Sine σ(π) is even, d1 must be odd. If d1 = 3, then
π = (32, 2n−2). Sine π 6= (32, 24) and π 6= (32, 25), we have n ≥ 8. We will show
π is potentially (K5 − P4)-graphi. It sues to show π1 = (2
n−5) is graphi.
Clearly, Cn−5 is a realization of π1. If d1 ≥ 5, sine π 6= (n − 1, 3, 2
n−2), we
have d1 ≤ n− 2. We will prove π = (d1, 3, 2
n−2) where d1 ≥ 5 and n ≥ d1 + 2
is potentially (K5 − P4)-graphi. We would like to show π1 = (d1 − 3, 2
n−5)
is graphi. It sues to show π2 = (2
n−d1−2, 1d1−3) is graphi. Sine σ(π2)
is even, π2 is graphi by Theorem 1.2. Thus, π = (d1, 3, 2
n−2) is potentially
(K5 − P4)-graphi.
Case 7: dn = 1, π
′ 6= (n − 2, k, 2t, 1n−3−t), π′ 6= (n − 1 − k, k + i, 2i, 1n−i−3),
π′ 6= (32, 24), and π′ 6= (32, 25)
Consider π′ = (d′1, d
′
2, · · · , d
′
n−1). Sine d2 ≥ 3 and d5 ≥ 2, we have d
′
1 ≥ 3
and d′5 ≥ 2. If d
′
2 ≥ 3, then π
′
satises the assumption. Thus, π′ is potentially
(K5 − P4)-graphi. Hene, we may assume d
′
2 = 2, that is, d1 = d2 = 3 and
d3 = d4 = d5 = 2. Thus π = (3
2, 2t, 1n−2−t) where t ≥ 3 and n−2−t ≥ 1. Sine
σ(π) is even, n− 2− t must be even. We will prove π is potentially (K5 − P4)-
graphi. It sues to show π1 = (2
t−3, 1n−2−t) is graphi. Sine σ(π1) is even,
π1 is graphi by Theorem 1.2 and, in turn, π is potentially (K5 − P4)-graphi.
This ompletes the proof.
Theorem 2.2. Let π = (d1, d2, · · · , dn) be a graphi sequene with n ≥ 5. Then
π is potentially (K5 − Y4)-graphi if and only if the following onditions hold:
1. d3 ≥ 3.
2. d4 ≥ 2.
3. π 6= (36).
Proof. Assume that π is potentially (K5−Y4)-graphi. In this ase the neessary
onditions (1) to (3) are obvious.
Now we prove the suient onditions. Suppose the graphi sequene π sat-
ises the onditions (1) to (3). Our proof is by indution on n. We rst prove
the base ase where n = 5. In this ase, π is one of the following sequenes:
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(45), (43, 32), (42, 32, 2), (4, 34), (4, 33, 1), (4, 32, 22), (34, 2), or (33, 2, 1). It is
easy to hek that all of these are potentially (K5 − Y4)-graphi. Now suppose
the suieny holds for n− 1 (n ≥ 6), and let π = (d1, d2, · · · , dn) be a graphi
sequene whih satises (1) to (3). We will prove π is potentially (K5 − Y4)-
graphi.
Case 1: π′ = (36)
We have n = 7 and π is one of the following sequenes (43, 34), (42, 34, 2)
or (4, 35, 1). It is easy to hek that all of these are potentially (K5−Y4)-graphi.
Case 2: dn ≥ 3 and π
′ 6= (36)
Clearly, d′4 ≥ 2. If d3 ≥ 4, then d
′
3 ≥ 3. If d3 = ... = dn = 3 and
n ≥ 6, d′3 ≥ 3. It follows onditions (1) and (2) hold. Thus, by the indu-
tion hypothesis, π′ is potentially (K5 − Y4)-graphi. Therefore, π is potentially
(K5−Y4)-graphi by Corollary 1.4. In the following, we only onsider the ases
where dn = 2 or dn = 1.
Case 3: dn = 2 and π
′ 6= (36)
Consider π′ = (d′1, d
′
2, · · · , d
′
n−1). Sine d3 ≥ 3 and dn = 2, we have d
′
1 ≥ 3
and d′n−1 ≥ 2. If d
′
3 ≥ 3, then π
′
satises the assumption and it follows π′
is potentially (K5 − Y4)-graphi. Therefore, π is potentially (K5 − Y4)-graphi
by Corollary 1.4. Hene, we may assume d′3 = 2. We will proeed with the
following two ases d1 ≥ 4 and d1 = 3.
Subase 1: d1 ≥ 4
It sues to onsider the ase where d2 = d3 = 3 and d4 = d5 = · · · = dn = 2.
That is, π = (d1, 3
2, 2n−3). Sine σ(π) is even, d1 must be even. We will prove
π is potentially (K5−Y4)-graphi. It is enough to show π1 = (d1− 3, 2
n−5, 1) is
graphi. If d1 = n−1, then π1 = (n−4, 2
n−5, 1). It sues to show π2 = (1
n−5)
is graphi. Sine σ(π2) is even, π2 is graphi by Theorem 1.2. If d1 ≤ n − 2,
it sues to show π2 = (2
n−2−d1 , 1d1−2)(or π2 = (2
n−1−d1 , 1d1−4)) is graphi.
Similarly, one an show π2 is graphi. Thus, π1 = (d1 − 3, 2
n−5, 1) is graphi
and, in turn, π is potentially (K5 − Y4)-graphi.
Subase 2: d1 = 3
It sues to onsider the ase where d1 = d2 = d3 = d4 = 3 and d5 = · · · =
dn = 2. That is, π = (3
4, 2n−4). We will prove π is potentially (K5 − Y4)-
graphi. It is enough to show π1 = (2
n−5, 12) is graphi. Sine σ(π1) is even,
π1 is graphi by Theorem 1.2 and, in turn, π is potentially (K5 − Y4)-graphi.
Case 4: dn = 1 and π
′ 6= (36)
Consider π′ = (d′1, d
′
2, · · · , d
′
n−1). Sine d3 ≥ 3 and d4 ≥ 2, we have d
′
2 ≥ 3
and d′4 ≥ 2. If d
′
3 ≥ 3, then π
′
satises the assumptions and it follows π′ is
potentially (K5 − Y4)-graphi. Therefore, π is potentially (K5 − Y4)-graphi by
Corollary 1.4. Hene, we may assume d′3 = 2. It sues to onsider the ase
where d1 = d2 = d3 = 3 and d4 = 2. That is, π = (3
3, 2t, 1n−3−t) where t ≥ 1
6
and n − 3 − t ≥ 1. Sine σ(π) is even, n − t must be even. We will prove π
is potentially (K5 − Y4)-graphi. It is enough to show π1 = (2
t−2, 1n−2−t) is
graphi when t ≥ 2. Sine σ(π1) is even, π1 is graphi by Theorem 1.2. If t = 1,
then π = (33, 2, 1n−4). Similarly we an show π2 = (1
n−5) is graphi and, in
turn, π potentially (K5 − Y4)-graphi.
This ompletes the proof.
In the remaining of this setion, we will use the above two theorems to
nd exat values of σ(K5 − P4, n) and σ(K5 − Y4, n). Note that the value of
σ(K5 − P4, n) was determined by Lai in [9] so a muh simpler proof is given
here.
Corollary 2.3. ([9℄) For n ≥ 5, σ(K5 − P4, n) = 4n− 4.
Proof. First we laim σ(K5 − P4, n) ≥ 4n− 4 for n ≥ 5. We would like to show
there exists π1 with σ(π1) = 4n− 6 suh that π1 is not potentially (K5 − P4)-
graphi. Let π1 = ((n− 1)
2, 2n−2). It is easy to see that σ(π1) = 4n− 6 and π1
is not potentially (K5 − P4)-graphi by Theorem 2.1.
Now we show if π is an n-term (n ≥ 5) graphial sequene with σ(π) ≥ 4n−4,
then there exists a realization of π ontaining a K5 − P4. If d5 = 1, then
σ(π) = d1 + d2 + d3 + d4 + (n − 4). Let X be the four verties of the largest
degrees of G and Y = V (G) − X . Sine there are at most six edges in X ,
d1 + d2 + d3 + d4 ≤ 12 + |E(X,Y )| ≤ 12 + (n − 4) = n + 8. This leads to
σ(π) ≤ 2n + 4 < 4n − 4, a ontradition. Thus, d5 ≥ 2. If d2 ≤ 2, then
σ(π) ≤ d1 + 2(n − 1) ≤ 3n − 3 < 4n − 4, a ontradition. Thus, d2 ≥ 3.
Sine σ(π) ≥ 4n − 4, then π is not one of the following: (32, 24), (32, 25), and
(n−1, k, 2t, 1n−2−t) where n ≥ 6 and k, t = 3, 4, · · · , n−2, (n−k, k+i, 2i, 1n−i−2)
where i = 3, 4, · · · , n − 2k and k = 1, 2, · · · , [n−1
2
] − 1. Thus, π satises the
onditions (1) to (5) in Theorem 2.1. Therefore, π is potentially (K5 − P4)-
graphi by Theorem 2.1.
Corollary 2.4. For n ≥ 5, σ(K5 − Y4, n) = 4n− 4.
Proof. First we laim σ(K5 − Y4, n) ≥ 4n− 4 if n ≥ 5. We would like to show
there exists π1 with σ(π1) = 4n− 6, suh that π1 is not potentially (K5 − Y4)-
graphi. Let π1 = ((n− 1)
2, 2n−2). It is easy to see that σ(π1) = 4n− 6 and π1
is not potentially (K5 − Y4)-graphi by Theorem 2.2.
Now we show if π is an n-term (n ≥ 5) graphial sequene with σ(π) ≥
4n − 4, then there exists a realization of π ontaining a K5 − Y4. If d4 = 1,
then σ(π) = d1 + d2 + d3 + (n − 3). By the similar argument used in the
above orollary, we have d1 + d2 + d3 ≤ 6 + (n − 3) = n + 3. This leads to
σ(π) ≤ 2n < 4n − 4, a ontradition. Thus, d4 ≥ 2. Similarly, if d3 ≤ 2,
then σ(π) ≤ d1 + d2 + 2(n − 2) ≤ 2(n − 1) + 2(n − 2) = 4n − 6 < 4n − 4, a
ontradition. Thus, d3 ≥ 3. Sine σ(π) ≥ 4n − 4, then π 6= (3
6). Thus, π
satises the onditions (1) to (3) in Theorem 2.2. Therefore, π is potentially
(K5 − Y4)-graphi by Theorem 2.2.
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